We consider a continuum model for the evolution of an epitaxially-strained dislocation-free anisotropic thin solid film on isotropic deformable substrate in the absence of vapor deposition. By using a thin film approximation we derived a nonlinear evolution equation. We examined the nonlinear evolution equation and found that there is a critical film thickness below which every film thickness is stable and a critical wave number above which every film thickness is stable.
Introduction
Spontaneously formed periodic domain structures of nanoscale islands (quantum dots) in epitaxially strained thin solid films have become a subject of intense theoretical and experimental study. These islands have unique, optical, electronic and magnetic properties which signify their importance in quantum dot applications [1] [2] . These islands are small (a few nanometers) in size and hence difficult to prepare by standard lithographic techniques. One promising way is the formation of islands by a Stranski-Krastanow growth process whereby the planar film undergoes a morphological instability [3] [4] [5] [6] . During heteroepitaxial growth, the instability of surfaces under strain and subsequent island formation is caused by the competition between the surface free energy and the strain energy of the system [7] [8] [9] [10] [11] .
In experimental study of the nonlinear evolution of the stress-driven instability of thick films the formation of deep, cusp-like grooves was observed [12] [13] . In [14] this instability was studied numerically and they showed that the surface instability creates a groove that sharpens as it grows deeper. In [15] a fully nonlinear bifurcation analysis was performed and tracking the branch of steady state solutions numerically they found that the steady state solution branch terminates as the solutions form a cusp singularity.
In a thin film, however, cusp formation is suppressed as the surface approaches the film substrate interface. The different stress fields and the different surface energies of the film and the substrate affect the surface morphology and the film-substrate interface is prevented from being exposed when the wetting criterion is satisfied. Stranski-Krastanow islands will be formed in this case [16] .
The steady states of island shapes were studied by many researchers [17] - [22] .
While the understanding of some of the theoretical and modeling issues is well developed, the implementation of the models as large-scale numerical simulations is not yet feasible. The central issue is that the dynamics of the surface morphology is coupled to the elastic strain in the system, so dynamic models require solving the elasticity problems throughout the film and substrate at each time step and are limited by storage limitations for 3-dimensional problem. Simulations involving the full elasticity problem are limited to one or few islands [23] [24] . Only one recent work [25] explored a large number of islands using a large-scale 3-dimensional calculation. This work uses the same elastic constants for both the film and the substrate. In [26] the evolution of a large number of islands was obtained using small slope approximation on a rigid substrate.
In [27] we developed an approximate solution to the elasticity problem which is valid when the film is thin. This elasticity solution is valid for arbitrary elastic constants in the film and substrate. The resulting elasticity solution then removes the necessity for solving the full 3-dimensional elasticity problem numerically, and may provide a means for implementing large-scale simulations. Our work here is to include anisotropic properties of the film to the evolution equation to study the formation of islands. Within this framework, in [28] a non-linear evolution equation with a second-order approximation for the stress field and a nonlinear wetting potential for the interface was considered and it was claimed that the combined effect of nonlinear stress and wetting can terminate the coarsening process and lead to the formation of arrays of equal-sized islands. And, [29] , found that wetting interaction can damp the long-wave perturbations and lead to Turing-type instability, further a weakly nonlinear analysis showed a possibility for spatially periodic arrays of quantum dots which are unstable.
The rest of the paper is organized as follows. In Section 2 we present the full nonlinear model for morphological evolution in thin solid films. In Sections 3 and 4 we describe the thin-film scalings and derive a systematic approximation to find the dominant terms in thin film evolution. In Section 5 we analyze the stability properties of this reduced equation and finally in Section 6 we summarize our results.
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Model for Film Growth
We begin with the model from [6] . This model describes the evolution of a strained film due to surface diffusion in response to the driving forces of elastic strain energy and surface energy. We consider here the simple case of annealing of a film (no vapor deposition). The film lies in . As a consequence, the number of independent elastic constants is reduced from 81 to 36. Using this fact and rewriting the stress and strain using their symmetric properties, 1 can be written in a simpler format
Cubic symmetry is a property of crystals that possess three fourfold axes of rotational symmetry, the cube axes, and four threefold axes of rotational symmetry, the cube diagonals. Alternatively, cubic symmetry may be described as invariance of material structure under a translation of a certain distance in any of three mutually orthogonal directions; these directions are usually identified as the cube axes. 
Upon substituting the formulas for stress and strain in these equations we obtain Navier's equations for the equilibrium displacements, which is valid both in the substrate and film: 2  2  2  2  3  3  3  1  2  44  12  44  44  12  44  11  2  2 
The stress balance boundary conditions at the film free surface,
where ( )
is the unit normal to the film surface and at the film-substrate interface read
The substrate is taken to be semi-infinite, and so the strains vanish far beneath the film, 0 as .
Finally on 0 z = (the film/substrate interface), continuity of displacement taking into account the lattice mismatch  is . 0
The evolution equation is given by surface diffusion in response to a chemical potential μ, 
D is a constant related to surface diffusion, and the surface chemical potential
where  is the elastic energy density, γκ represents the surface energy, and ( ) h ω is the wetting energy. In the above,
and the curvature of the film κ is given by 
The model for the wetting energy ( ) h ω is from [30] , based on a surface energy which depends on the film thickness and undergoes a rapid transition from F γ to S γ over a length scale δ:
which gives the wetting term,
where
and
Hence we get ( )
Equation (20) is a non-linear moving boundary problem coupled to partial differential equations for the elasticity problem (12)-(19).
Steady State Solutions
The governing equations in Section 2 describe the stress state and surface evolution of an epitaxially strained film. They have a basic-state solution corresponding to a completely relaxed, stress-free substrate, 0, 0 for , 1, 2,3
and a planar film with spatially uniform stress and strain, 
which is the biaxial modulus in the plane with normal in the (001) material direction (in our case (001) material direction is the direction parallel to the z-axis).
The total elastic energy store in the film due to epitaxial and wetting stresses is
In Section 5 we perform a linear stability analysis of this basic state of an epitaxial film.
Nondimensional Anisotropic Governing Equations
Here we derive the evolution equation based on approximation that wavelength of surface undulations is large compared to the characteristic film thickness
where l is characteristic length scale in ( ) , x y . Let us use the following scalings: 
Expanding the other quantities in (9) we obtain ( ) 
We choose the time scale τ as
and length scale l as
We also assume that the characteristic film thickness is much larger than the wetting layer thickness, so
Hence (30) can be written as:
To balance the wetting energy term 
and define
we obtain ( )
We substitute these expansions into the evolution Equation (20) to obtain
Equation (53) is the thin film evolution equation. It depends on elastic response through 1   and 2   , which we now determine.
Elastic Response of Film
Now we find 1   by solving the elasticity problem. Using scalings given in (37), (12)- (14) can be written as: 2  2  2  1  1  1  2  11  44  44  12  44  2  2  2  2   2  3  12 44 2  2  2  2  2  2  1  44  11  44  12  44  2  2  2  2   2  3  12 44 2  2  2  3  3  3  1  44  44  11  12  44  2  2  2  2   2  2  12 44
The same way we can write stress and strain using (37) and from the boundary condition (15) we obtain: 
We proceed by finding elasticity solutions in the film satisfying the boundary condition on
These solutions have unknown constants to be determined from the boundary conditions on 0 z = . Then we construct elasticity solutions in the substrate to determine these constants. Finally we substitute the final elasticity solutions into evolution equation. Now let us expand the displacements U in α,
We substitute (62) in (56)- (58) and compare by order in α.
we obtain: 
with the boundary conditions, 
We expect the ( ) 1  strain tensor is 
and solving (63) and using (64) we obtain ( ) 
, , , 1, 2, 3. 
Elastic Response of Substrate
The elasticity Equations (12)- (14) and far field condition (18) 
Then using (82) we write (78)- (80) 
We expand displacement in the substrate using powers in α,
Using (87) and the solution for
Using (86), (89) 
The second boundary condition is (17 which gives us a linear system of equations for 1 2 , Journal of Applied Mathematics and Physics
with the strength of the wetting energy quantified by
Equation (106) remains a non-local term in the evolution equation. In addition, the only nonlinear contribution is from the wetting energy.
Linear Stability Analysis
To determine the stability of planar films of thickness H we consider normal-mode perturbation with wavenumbers X a and Y a :
( ) exp .
X Y H H H T ia X ia
We consider Ĥ H  , substitute (109) into (106), and linearize to obtain the characteristic equation 
When the film wets the substrate, 0 r > and a typical graph of (110) is as shown in Figure 1 .
In Figure 2 we plot the neutral stability condition 0 σ = for the film thickness H versus a. We see that there is a critical film thickness, c H below which every film thickness is stable, 
and there is a critical wave number, c a above which every film thickness is stable,
.
c a E =
The evolution equation thus has the property that sufficiently thin films are stabilized by the wetting effect, but thicker films are unstable to the stress driven morphological instability.
Summary
We derived a self-contained evolution equation where the film thickness is smaller than wavelength of surface variations. Our evolution equation includes effects of anisotropic elastic constants for cubic symmetry in the film and isotropic elastic constants in the substrate, isotropic surface energy, and wetting energy. This evolution equation possesses steady state solutions corresponding to island formation, and is a possible candidate for use in large scale simulations of island systems.
